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Local function

⟨X, τ⟩ - topological space

x ∈ Cl(A) ⇔ for each U ∈ τ(x) A ∩ U ̸∈ {∅}

I - an ideal on X

x ∈ A∗
(τ,I) ⇔ for each U ∈ τ(x) A ∩ U ̸∈ I

⟨X, τ, I⟩ - ideal topological space [Kuratowski 1933]

A∗
(τ,I) (brie�y A

∗) - local function
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Local function

For I = {∅} we have that A∗(I, τ) = Cl(A).
For I = P (X) we have that A∗(I, τ) = ∅.
For I = Fin we have that A∗(I, τ) is the set of ω-accumulation points of A.
For I = Icount we have that A∗(I, τ) is the set of condensation points of A.

(1) A ⊆ B ⇒ A∗ ⊆ B∗;
(2) A∗ = Cl(A∗) ⊆ Cl(A);
(3) (A∗)∗ ⊆ A∗;
(4) (A ∪B)∗ = A∗ ∪B∗

(5) If I ∈ I, then (A ∪ I)∗ = A∗ = (A \ I)∗.
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Topology τ ∗

De�nition
Cl∗(A) = A ∪A∗ is a Kuratowski closure operator, and therefore it generates a
topology on X

τ∗(I) = {A : Cl∗(X \A) = X \A}.

Set A is closed in τ∗ i� A∗ ⊆ A.

ψ(A) = X \ (X \A)∗

O ∈ τ∗ ⇔ O ⊆ ψ(O)

τ ⊆ τ∗ = τ∗∗

β(I, τ) = {V \ I : V ∈ τ, I ∈ I} is a basis for τ∗
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Topology τ ∗

For I = {∅} we have that τ∗(I) = τ .
For I = P (X) we have that τ∗(I) = P (X).
If I ⊆ J then τ∗(I) ⊆ τ∗(J ).
If Fin ⊆ I then ⟨X, τ∗⟩ is T1 space.
If I = Fin , then τ∗ad(I) is the co�nite topology on X.
If I = Im0 - ideal of the sets of measure zero, then τ∗-Borel sets are precisely the
Lebesgue measurable sets. (Scheinberg 1971)
For I = Inwd then A∗ = Cl(Int(Cl(A))) and τ∗(Inwd) = τα. (α-open sets,
A ⊆ Int(Cl(Int(A))). (Njástad 1965)
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θ-open sets

x ∈ Clθ(A) ⇔ ∀U ∈ τ(x) Cl(U) ∩A ̸∈ {∅}

A is θ-closed i� Clθ(A) = A
A is θ-open i� X \A is θ-closed
Introduced by Veli£ko in 1968 in order to study H-closed spaces and H-sets.

Set is A H-set (in Hausdor� space X) i� for each open cover {Uα : α < κ} of A
exists �nite subfamily {Uαk

: k ≤ n} such that A ⊆
⋃

k≤nCl(Uαk
).

θ open sets forms topology τθ and τθ ⊆ τ

Space is T3 i� τθ = τ

A ⊆ Clθ(A) ⊆ Clτθ(A)
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Local closure function

x ∈ Γ(τ,I)(A) ⇔ ∀U ∈ τ(x) Cl(U) ∩A ̸∈ I

If I = {∅} then Γ(A) = Clθ(A)
Γ -local closure function
Introduced by Al-Omari and Noiri [1] in 2013.

ψΓ(A) = X \ Γ(X \A)

Topology σ is de�ned by ψΓ:

A ∈ σ ⇔ A ⊆ ψΓ(A).

F is a closed set σ i� Γ(F ) ⊆ F .
τθ ⊆ σ
If I = {∅}, then τθ = σ.
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De�nition
A function f : X → Y at the point x ∈ X is

▶ continuous i� ∀V ∈ τ(f(x)) ∃U ∈ τ(x) f [U ] ⊆ V

▶ weakly continuous i� ∀V ∈ τ(f(x)) ∃U ∈ τ(x) f [U ] ⊆ Cl(V )

▶ θ-continuous i� ∀V ∈ τ(f(x)) ∃U ∈ τ(x) f [Cl(U)] ⊆ Cl(V )

▶ τθ-continuous i� ∀V ∈ τθ(f(x)) ∃U ∈ τθ(x) f [U ] ⊆ V

▶ faintly-continuous i� ∀V ∈ τθ(f(x)) ∃U ∈ τ(x) f [U ] ⊆ V

Continuity

θ-continuity

weak continuity faint continuity

τθ-continuity
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Problem

Question 1

If f : ⟨X, τX⟩ → ⟨Y, τY ⟩ is continuous, what are su�cient

conditions for f : ⟨X, τ ∗⟩ → ⟨Y, σ∗⟩ to remain continuous?

Question 2

If f : ⟨X, τX⟩ → ⟨Y, τY ⟩ is XXXXXXXX-continuous, what can we

conclude about function if we change topologies by ideals?
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Continuity

Theorem
Let ⟨X, τX , IX⟩ and ⟨Y, τY , IY ⟩ be ideal topological spaces. If f : ⟨X, τX⟩ → ⟨Y, τY ⟩
is a continuous function and for all I ∈ IY we have f−1[I] ∈ IX . Then there hold
the following equivalent conditions:

a) ∀A ⊆ X f [A∗] ⊆ (f [A])∗;
b) ∀B ⊆ Y (f−1[B])∗ ⊆ f−1[B∗].

which implies the following three equivalent conditions:

c) ∀A ⊆ X f [Cl∗(A)] ⊆ Cl∗(f [A]);
d) ∀B ⊆ Y Cl∗((f−1[B])) ⊆ f−1[Cl∗(B)];

e) f : ⟨X, τ∗X⟩ → ⟨Y, τ∗Y ⟩ is a continuous function.
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θ-continuity

∀V ∈ τ(f(x)) ∃U ∈ τ(x) f [Cl(U)] ⊆ Cl(V )

Theorem
Let ⟨X, τX , IX⟩ and ⟨Y, τY , IY ⟩ be ideal topological spaces. If f : ⟨X, τX⟩ → ⟨Y, τY ⟩
is a θ-continuous function and for all I ∈ IY we have f−1[I] ∈ IX , then there hold
the following equivalent conditions:

a) ∀A ⊆ X f [Γ(A)] ⊆ Γ(f [A]);
b) ∀B ⊆ Y Γ(f−1[B]) ⊆ f−1[Γ(B)].

which implies the following two equivalent conditions:

c) ∀A ⊆ X f [Clσ(A)] ⊆ Clσ(f [A]);
d) f : ⟨X,σX⟩ → ⟨Y, σY ⟩ is a continuous function.

Corollary

If f : ⟨X, τX⟩ → ⟨Y, τY ⟩ is a θ-continuous function then f : ⟨X, (τθ)X⟩ → ⟨Y, (τθ)Y ⟩
is continuous.
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θ-continuity

∀V ∈ τ(f(x)) ∃U ∈ τ(x) f [Cl(U)] ⊆ Cl(V )

Theorem
Let ⟨X, τX , IX⟩ and ⟨Y, τY , IY ⟩ be ideal topological spaces. If f : ⟨X, τX⟩ → ⟨Y, τY ⟩
is a θ-continuous function and for all I ∈ IY we have f−1[I] ∈ IX , then there hold
the following equivalent conditions:

a) ∀A ⊆ X f [Γ(A)] ⊆ Γ(f [A]);
b) ∀B ⊆ Y Γ(f−1[B]) ⊆ f−1[Γ(B)].

which implies the following two equivalent conditions:

c) ∀A ⊆ X f [Clσ(A)] ⊆ Clσ(f [A]);
d) f : ⟨X,σX⟩ → ⟨Y, σY ⟩ is a continuous function.

Corollary

If f : ⟨X, τX⟩ → ⟨Y, τY ⟩ is a θ-continuous function then f : ⟨X, (τθ)X⟩ → ⟨Y, (τθ)Y ⟩
is continuous.

Continuity Novi Sad



Ideals and topology θ-open sets and ideals Continuity References

Weak continuity

∀V ∈ τ(f(x)) ∃U ∈ τ(x) f [U ] ⊆ Cl(V )

Theorem
Let ⟨X, τX , IX⟩ and ⟨Y, τY , IY ⟩ be ideal topological spaces. If f : ⟨X, τX⟩ → ⟨Y, τY ⟩
is a weakly continuous function and for all I ∈ IY we have f−1[I] ∈ IX , then there
hold the following equivalent conditions:
a) ∀A ⊆ X f [A∗] ⊆ Γ(f [A]);
b) ∀B ⊆ Y (f−1[B])∗ ⊆ f−1[Γ(B)].

which implies the following condition:

c) f : ⟨X, τ∗X⟩ → ⟨Y, σY ⟩ is a continuous function.

Corollary (Long and Herrington 1982)

If f : ⟨X, τX⟩ → ⟨Y, τY ⟩ is a weakly continuous function then
f : ⟨X, τX⟩ → ⟨Y, (τθ)Y ⟩ is continuous, which is equivalent to faint continuity of
f : ⟨X, τX⟩ → ⟨Y, τY ⟩.
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Weakly-continuous vs. τθ-continuous

Theorem
If f : ⟨X, τX⟩ → ⟨Y, τY ⟩ is weakly continuous and not τθ-continuous, then both X
and Y have in�nite topologies.

So, if f : ⟨X, τX⟩ → ⟨Y, τY ⟩ is weakly continuous
and if X or Y is has �nite topology, then f is τθ-continuous.

Example (Weakly-continuous, but not τθ-continuous)

Let X = {x0, x1} ∪ ω and Y = {y0, y1} ∪ ω × {0, 1}.

BX(x0) = {{x0} ∪ ω \K : |K| < ℵ0}
BX(x1) = {{x1} ∪ ω \K : |K| < ℵ0}
BX(n) = {n}
BY (y0) = {{y0} ∪ {⟨k, 0⟩ : k ≥ n} : n ∈ ω},
BY (y1) = {{y1} ∪ ((ω × {1}) \K) ∪ {⟨n, 0⟩} : |K| < ℵ0, n ∈ ω},

BY (⟨n, 0⟩) = {⟨n, 0⟩},
BY (⟨n, 1⟩) = {{y1} ∪ ((ω × {1}) \K) ∪ {⟨n, 0⟩, ⟨n, 1⟩} : |K| < ℵ0, n ∈ ω}.

f(x0) = y0, f(x1) = y1, f(n) = ⟨n, 1⟩, for n ∈ ω.
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CONTINUITY
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